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Abstract
In this paper we demonstrate that real scalar field solitons that are static and linearly stable
do exist when considered in a (3+1)-dimensional Einstein universe, which is conformally equivalent
to (parts of) Anti-de Sitter as well as de Sitter space-time, respectively. We study the properties
of kink and kink-antikink solutions for a Φ4-potential and demonstrate that next to the kink and
kink-antikink solution m-excited kinks (kink-antikinks) with 2m+1 (2m+2) nodes, m ∈ N∗, exist.
The linear stability analysis demonstrates that next to the vacuum solution, the (anti)kink solution
is linearly stable, while the kink-antikink solution is linearly unstable. When taking back-reaction of
the space-time into account, no static solution is possible. We also show that the linear perturbations
can be re-interpreted as describing boson stars. For the perturbations about the vacuum solutions
we hence find analytically given boson star solutions in (3+1) dimensions.
1 Introduction
After the discovery [1, 2] of the Englert-Brout-Higgs-Guralnik-Hagen-Kibble (EBHGHH) boson [3–5] in
2012, a fundamental scalar field in nature, the study of scalar fields in diverse contexts of physics has
become of interest again. Scalar fields had previously been present in a number of high and low energy
physics models such as in the theory of inflation in the primordial universe that is supposed to be driven
by a slow-roll scalar field, as well as in condensed matter, where collective phenomena are often effectively
described by a scalar field. The typical example for the latter case is the Ginzburg-Landau model [6]
describing superconductivity.
Classical scalar field models in (1+1)-dimensions possess a number of interesting features and it was
in these models that the notion of a “soliton”, i.e. a localized, finite energy solution to non-linear field
equations was first introduced [7]. In this latter paper, the Kortewegde Vries (KdV) equation was studied
numerically and it was shown that localized structures exist. The KdV equation is a real scalar field
equation with 3rd order spatial derivative and is used to describe shallow water waves. It provided the
first mathematical model for the solitary wave phenomenon observed by Scott Russell in 1844 [8]. Further
investigation of this equation demonstrated that it is a completely integrable system, i.e. it possesses
an infinite number of conserved quantities in the form of first order integrals. This leads to the stability
of these solutions. While the KdV equation is not relativistically invariant, a relativistic counterpart of
an exactly solvable real scalar field system in (1+1)-dimensions exists : the sine-Gordon model. The
equation is of Klein-Gordon type with a scalar field potential of sinusoidal form V (φ) ∼ sin(φ) [9]. The
zeros of this potential are at φ ≡ 2πn, n ∈ Z and are normally referred to as “vacua” of the model.
The non-trivial solution interpolating smoothly between φ → 0 for x → −∞ and φ → 2π as x → 2π
is called a kink, while the solution with φ → 2π for x → −∞ and φ → 0 as x → 2π is called an
antikink. These solutions possess a non-vanishing topological charge, which is given by the difference
of φ(x → −∞) and φ(x → −∞) and relates to the mapping between spatial infinity and the vaccum
manifold of the model. The kink and antikink thus carry topological charge ±1. Solutions with higher
topological charge can be constructed analytically in the sine-Gordon model using diverse techniques such
as inverse scattering and Ba¨cklund transformations. Again, the sine-Gordon model is exactly solvable
and possesses an infinite number of conserved quantities, which are, however, not linked to the topological
charge. When considering other scalar field potentials with multiple vacua, the scalar field models are
no longer exactly solvable. Explicit kink/antikink solutions exist, while solutions with higher topological
charge have to be constructed numerically.
When extending scalar field models to higher dimensions, restrictions arise due to Derrick’s theorem
[10]. This theorem states that static scalar field solitons in more than one spatial dimension are not
possible in Minkowski space-time. Interestingly, this theorem has recently been extended to curved
space-time [11] and it was shown that no stable, static scalar field solutions are possible when fixing
the (3+1)-dimensional background. One of the assumption in this latter work is that the space-time is
asymptotically flat, i.e. it does not include scalar field solutions in compact space-times.
But even in (asymptotically) flat space-time, there are a number of possibilities to circumvent Der-
rick’s theorem. One possibility is to relax the requirement that the solution be static. So-called Q-balls
exist when choosing the scalar field to possess a periodic time-dependence with the energy-momentum
tensor of these solutions remaining static [12, 13]. The global U(1) symmetry of the models describing
Q-balls leads to a locally conserved Noether current and a globally conserved Noether charge, where the
latter can be interpreted as the number of scalar bosons forming this non-topological soliton. In (3+1)-
dimensional Minkowski space-time, the scalar field model needs (at least) a 6-th order self-interaction
potential for Q-balls to exist [13–16]. When extending these models to curved space-time, self-gravitating
counterparts of Q-balls, so-called boson stars exist [15–21].
In this paper, we study a real scalar field model in a (3+1)-dimensional Einstein universe which is
spatially compact. This model was previously studied in [22], but only for one very specific case. Here,
we extend the analysis considerably to show that additional solutions with interesting properties exist.
Moreover, we study the stability of these solutions. The outline of our manuscript is as follows : we give
the model in Section 2, while we discuss the numerical solutions of the model in Section 3. In Section 4,
we present our results on the linear stability of the solutions obtained in Section 3 and argue that the
perturbations can be re-interpreted as describing boson stars. We conclude in Section 5.
2 The model
We study the following real scalar field model in a (3+1) dimensions :
S =
∫
d4x
√−gL =
∫
d4x
√−g
(
−1
2
∂µΦ∂
µΦ− λ
4
(
Φ2 − η2)2) , (1)
where g denotes the determinant of the metric tensor gµν of the (3+1)-dimensional space-time background
that we assume to be non-dynamical. The self-coupling constant λ is chosen positive, such that the
potential is positive-definite, i.e. has its lowest value V ≡ 0 at what we will refer to as “the vacua” in
the following, i.e. at Φ ≡ ±η.
In Minkowski space-time the existence of real, static scalar field solutions is forbidden by Derrick’s
theorem [10]. Moreover, in a curved space-time background, solutions don’t exist if the space-time is
asymptotically flat [11]. To be able to find non-trivial solutions, we have to choose a background that
circumvents these theorems. In the following, we will hence assume that the space-time background
has positive constant curvature and we will choose a simple space-time, the static Einstein universe [23]
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which reads :
ds2 = −dt2 +R20
[
dχ2 + sin2 χ
(
dθ2 + sin2 θdϕ2
)]
, (2)
where the coordinates (η, χ, θ, ϕ) have the following ranges : t ∈] − ∞ : ∞[, χ ∈ [0 : π], θ ∈ [0 : π],
ϕ ∈ [0 : 2π[. Constant η-sections are 3-spheres with unit radius, i.e. the topology of this compact space-
time is R× S3. The metric given by (2) is a Friedman-Lemaˆitre-Robertson-Walker (FLRW) space-time
and a solution to the Einstein equation Gµν+Λgµµ = 8πTµν , where Ttt = ρ = Λ/4, Tij = 0 with Λ = R
−2
0
the cosmological constant. This space-time describes a static universe. Its interest lies in the fact that
parts of Anti-de Sitter (AdS) and de Sitter (dS) space-time, respectively, are conformally equivalent to
the metric of the Einstein universe, i.e. a conformal transformation of the type gµν = Ω
2g˜µν exists, where
g˜µν is the metric of (A)dS space-time and gµν is the metric given in (2). For dS the conformal factor is
Ω = sin(t/R0) and R0 is equal to the dS sitter radius R0 =
√
Λ/3, while for AdS the factor is Ω = cosχ,
χ ∈ [0 : π/2] and R0 =
√−Λ/3, i.e. R0 is the AdS radius. (A)dS and the Einstein universe hence
possess the same local causal structure, and since the Weyl tensor, i.e. the traceless part of the Riemann
tensor is preserved under conformal transformations, the distortion of objects moving along geodesics is
equal in (A)dS and (2).
In the following, we will assume that Φ(~r, t) ∼ φ(χ), i.e. that the scalar field depends only on χ. Due
to the additional length scale – the radius of the 3-sphere R0 – we would expect solitonic solutions to exist
in our model - in contrast to Minkowski space-time. This has been shown in [22] for the Φ4-potential,
albeit only for one specific value of the radius (in relation to the mass of the scalar field). Note that
scalar field solitons on an S3, i.e. in a compact space, have been studied previously also in a non-linear
sigma model [24].
The non-vanishing components of the energy-momentum tensor Tµν = gµνL − 2 ∂L∂gµν read
T tt = T
θ
θ = T
ϕ
ϕ = −
1
2
φ′2
R20
− V (φ) , T χχ =
1
2
φ′2
R20
− V (φ) , (3)
where the prime now and in the following denotes the derivative with respect to χ. The energy density
of the solutions is given by ε = −T tt and associating the Noether charge related to the time-translation
invariance to the total conserved energy E of the solution, we can write
E =
∫
d3x
√−gε = 4πR3
0
pi∫
0
dχ sin2 χ
(
1
2
φ′2
R20
+
λ
4
(
φ2 − η2)2) . (4)
As is obvious from the expression, we do not need to require the solutions to tend to the vacua of
the potential in order to obtain finite energy solutions, which would be necessary in Minkowski or
asymptotically Minkowski space-time. In fact, we will show below that the value of φ(χ = 0) and
φ(χ = π), respectively, depends solely on the ratio between R0 and the relevant length/mass scale in the
model.
3 Non-trivial solutions
Rescaling φ(χ)→ ηφ(χ), the equation of motion for the scalar field reads
φ′′ + 2 cotχφ′ − αφ(φ2 − 1) = 0 , (5)
where α = λη2R2
0
is the only dimensionless parameter and corresponds to the ratio between the radius
of the 3-sphere and the core radius of the solution ∼
(√
λη
)−1
. The equation (5) cannot be solved
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analytically requiring non-triviality. We have hence employed a numerical technique [25] and used the
following boundary conditions in order to insure regularity of the solutions at χ = 0 and χ = π :
φ′(χ = 0) = φ′(χ = π) = 0 . (6)
The equation (5) has been solved numerically in [22], however, only for a very specific value of α ≡ 4. In
the following, we will discuss the behaviour of the solutions for generic value of α and refer to solutions
tending from a positive value at χ = 0 to a negative value at χ = π as antikinks, while the corresponding
kinks are obtained easily by letting φ→ −φ, which is clearly a symmetry of (5).
The dimensionless energy density ε˜ and dimensionless energy E˜ of the solutions then reads
ε˜ =
1
2
φ′2 +
α
4
(
φ2 − 1)2 , E˜ = 4π
pi∫
0
dχ sin2 χ ε˜ (7)
with ε = η2ε˜/R20 and E = R0η
2E˜, respectively.
Note that (5) can be re-written in the following form :
φ′2
2
− α
4
(
φ2 − 1)2 = C − 2
χ∫
0
cot χ˜φ′2 dχ˜ , (8)
where C is an integration constant. One can construct a mechanical analogue of this equation by
considering χ to be “time” and φ the position describing a particle moving along a trajectory φ(χ). Then
the left-hand side of (8) can be interpreted as the sum of kinetic and potential energy U(φ) = −α
4
(φ2 − 1)2
of this particle with C the “energy” and the integral term on the right-hand side a friction term. The
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Figure 1: We show the potential U(φ) = −α
4
(φ2 − 1)2 (see discussion below (8)) in which the “particle”
would move on a “trajectory” φ(χ) under the influence of a friction term for different values of α.
presence of this friction term is essential for the existence of the non-trivial solutions that we will present
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below. In Fig. 1, we show U(φ) for different values of α. This indicates - taking the periodicity of the
χ-direction into account - what type of solutions are possible. In contrast to flat space-time, the value of
φ(χ) has to be “fine-tuned” with respect to α because α determines the slope of the potential, i.e. the
value of φ′ and hence the value of the friction term in (8). Moreover, φ(χ = 0) 6= 1 for α finite because
we have the additional condition that φ(χ = 0) = ±φ(χ = π) due to periodicity (see more details below).
In other words : for the “particle” to roll back to ±φ(χ = 0) in a given α-potential (which possesses
increased slope when increasing α) we have to choose φ(χ = 0) appropriately. Moreover, Fig. 1 indicates
that given enough “initial energy”, i.e. starting at φ(χ = 0) sufficiently large, the particle can role back
to φ(χ = π) = φ(χ = 0) and, additionally, oscillate a number of times around φ = 0, i.e. we would expect
antikink-kink as well as excited kinks and antikink-kinks, respectively, to exist as well. Our numerical
results below show that these solutions do, indeed, exist in this model. It is clear that the existence of
these solutions is fundamentally linked to the periodicity of the χ-direction as well as the fact that we
are in three spatial dimensions.
3.1 Fundamental kinks and antikinks
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Figure 2: We show the profile of the function φ(χ) in the φ4-model (left) as well as the energy density ε˜
of these solutions (right) for different values of α
The antikinks of the φ4-model have been constructed in [22] for α = 4. In Fig. 2, we show the
solutions to the model for different values of α as well as the corresponding energy densities ε˜. This
figure demonstrates that the value of φ(0) is a function of α. In fact, when varying the value of α, we
observe that the solutions exist only to a minimal, non-vanishing value of α = αmin,1 which we find
numerically to be αmin,1 = 3. The reason for this is that the value of φ(χ = 0) is a decreasing function
of α and for α sufficiently small, the kinks cease to exist. This is also obvious when considering the plots
of the energy density ε˜. For decreasing α, the energy density spreads over the χ-direction and becomes
equivalent to zero for α = αmin,1. This is related to the fact that α is the ratio between the width of
the kink and the radius of the S3 sphere. So, one would naturally expect that solutions exist only for
radius larger than the width of the kink. This is shown in Fig. 3, where we give the value of φ(χ = 0)
in dependence of the coupling α. Clearly for α < αmin,1 = 3 we find that φ(0) = 0 and hence φ(χ) ≡ 0.
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Increasing α from this value, we find that φ(0) increases up to φ(0) = 1, which it reaches roughly when
α = O(100).
The limit of α →∞ corresponds to the limit of flat, (3+1)-dimensional Minkowski space-time. The
existence of non-trivial, real scalar field solutions is forbidden by Derrick’s theorem in this case. The
approach to this limit can also be seen in Fig. 2 and is confirmed by our numerics: for α → ∞, the
value of φ(0)→ 1, but at the same time, the function φ(χ) has an increasing derivative at χ = π/2. In
the limit α→∞, we expect that φ(χ) = 1 for χ ∈ [0 : π/2[, φ(π/2) = 0 and φ(χ) = −1 for χ ∈]π/2 : π]
with an infinite derivative of φ and hence an infinite value of the energy density ε˜ at χ = π/2.
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Figure 3: We show the value of φ(χ = 0) ≡ φ(0) as function of α for the fundamental antikink solution
(m = 1), the kink-antikink (m = 2) as well as the first excited antikink (m = 3) and the first excited
kink-antikink (m = 4), respectively.
3.2 Kink-antikinks
Next to the fundamental kink solution described in (3.1) for which φ(χ = 0) = −φ(χ = π), we have
constructed solutions of (5) fulfilling φ(χ = 0) = φ(χ = π). These latter solutions have two nodes in the
profile function φ(χ). Using the notation of solutions of the φ4-model in (1+1) dimensions, we refer to
these solutions as kink-antikinks. In Fig. 4 we show an example of such a solution for α = 10 together
with the energy density ε˜.
The dependence of the value of the scalar field function φ(χ = 0) on α is shown in Fig. 3. Obviously,
we need to choose the ratio between the width of the kink-antikink and the radius of the 3-sphere larger
to obtain these solutions. We find that at αmin,2 = 8, the value of φ(χ = 0)→ 0 for these solutions, i.e.
kink-antikinks exist only for α ≥ 8.
3.3 m-excited kinks and kink-antikinks
Next to the solutions desccribed in (3.1) and (3.2), we have constructed excited solutions of the former
that differ in the number of nodes of the scalar field function φ(χ). This is shown in Fig. 5, where we
give examples of first excited antikink and the first excited kink-antikink solutions, respectively. Fig. 3
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Figure 4: We show the profile of a fundamental kink-antikink solution (left) as well as its energy density
ε˜ for α = 10.0. The profile function φ(χ) of this solution has m = 2 nodes (purple). We also show the
first excited kink-antikink solution and its energy density ε˜ for α = 100.0 (green). Note that this solution
possesses m = 4 nodes in the profile function φ(χ).
further demonstrates that first excited antikinks exist only for α ≥ 15, i.e. αmin,3 = 15, while first excited
kink-antikinks exist only for α ≥ 24, i.e. αmin,4 = 24. The behaviour of αmin,m can be explained easily
when considering the small φ limit of (5). In this limit, we can drop the φ3 term and the equation becomes
linear. Changing coordinates to z = cosχ, the equation then becomes a hypergeometric equation that
has regular solutions in the form of Gegenbauer polynomials if
αm = m(m+ 2) , m = 1, 2, 3, 4, ..... . (9)
This relation gives exactly the values of αmin,m we find numerically when φ(χ = 0)→ 0.
4 Linear stability
Since no-go theorem related to real scalar field solitons often require the additional property of stability,
we will study whether the solutions discussed above are linearly stable or unstable. We use the following
Ansatz for the linear perturbations about the solutions φ(χ) to (5) :
Φ(~r, t) = φ(χ) +
∑
k
ψk(χ) exp(iωkt) , k ∈ N , (10)
where ωk ∈ R. Using the rescalings t → t/R0, ωk → R0ωk, φ → ηφ and ψk → ηψk and assuming ψk to
be small, the Schro¨dinger-type equation for the perturbation ψk reads :
ψ′′k + 2 cotχψ
′
k − α
(
3φ2 − 1)ψk = −ω2kψk , (11)
and we need to require that
ψ′k(χ = 0) = ψ
′
k(χ = π) = 0 . (12)
Without loss of generality we will construct solutions that have ψk(χ = 0) = 1.
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Figure 5: We show the profile of a fundamental antikink solution (for α = 5.0, purple) together with
a first excited antikink solution (for α = 20.0, green). We also give the energy density of these two
solutions (right, same colour coding).
In the following, we will investigate the vacua as well as the kink and anti-kink solutions with respect
to their linear stability. Solutions will be stable (unstable) for ω2k > 0 (ω
2
k < 0). We will also use
the following notation: ωk,m will denote the energy eigenvalues of the k-th excited perturbation, i.e.
a solution to (11) with k nodes, of the scalar field solution of (3) with m nodes. In this notation,
m = 0 corresponds to the vacuum, m = 1 the (anti)kink, m = 2 the kink-antikink and higher m to the
excitations, respectively.
4.1 Vacuum solution, m = 0
For φ(χ) ≡ ±1, we obtain the equation
ψ′′k + 2 cotχψ
′
k − 2αψk = −ω2k,0ψk , (13)
which has to be solved with the periodicity condition ψk(χ) = ψk(χ + 2π). By the coordinate transfor-
mation z = cosχ equation (13) can be transformed to a hypergeometric equation which has well-behaved
solutions called Gegenbauer polynomials Ck(z), k = 0, 1, 2, 3.., such that
ψk(z) = ψ˜Ck(z) (14)
with
C0(z) ≡ 1 , C1(z) = 2z , Ck(z) = 2zCk−1(z)− Ck−2(z) (15)
and ψ˜ is a normalization constant. The corresponding eigenvalues for ω2k,0 are discrete and are given by
ω2k,0 = k(k + 2) + 2α , k = 0, 1, 2, 3, ... (16)
Note that ω2k,0 is always positive and always larger than 2α. This indicates that the trivial solutions
φ0(χ) = ±1, i.e. the vacua, are stable.
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4.2 The fundamental kink, m = 1
For the (anti)kink solutions discussed in 3.1, the equation (11) has to be solved numerically. We find a
discrete spectrum of modes that depends on α. The lowest mode with k = 1 has a profile for ψ1 that
resembles the (anti)kink solution itself, while higher modes, k > 1, resemble the radially excited solutions
discussed in 3.3. Note that a mode with ψ ≡ constant does not exist in this case as is apparent from
(11), i.e. the first mode fulfilling the periodic boundary conditions is a solution with one node, k = 1.
For α→ αmin,1 = 3, we find ω21,1 → 0, ω22,1 → 5, ω23,1 → 12, which indicates that
ω2k,1 → k(k + 2)− 3 for α→ 3 . (17)
Moreover, Fig. 6 (left) demonstrates that the value of ω2k,1 increases when increasing α from its limiting
value αmin,1 = 3. Hence, the eigenvalues ω
2
k,1 of all linear perturbations about the (anti)kink solution are
positive indicating that the (anti)kinks are linearly stable.
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Figure 6: We show the value of ω2k,1 for the linear perturbations about the (anti)kink solution (m = 1) in
dependence of α for k = 1, 2, 3 (left). We also give the values of ω2k,2 for the linear perturbations about
the anti-kink solution (m = 2) in dependence of α for k = 1, 2, 3 (right).
4.3 The fundamental kink-antikink, m = 2
In Fig. 6 (right), we give the dependence of the eigenvalues ω2k,2, k = 1, 2, 3 on α. In contrast to
the perturbations about the vacuum and the (anti)kink, respectively, we find one mode with negative
eigenvalue. This is the lowest mode, k = 1, for which the profile ψ1 possesses one node and eigenvalue
ω2
1,2 < 0. For α→ αmin,2 = 8, we find that ω21,2 → −5. This eigenvalue increases when increasing α, but
stays negative for all values of α that we have investigated. We find e.g. that ω2
1,2 ≈ −2.12 for α = 100
and our numerical results further indicate that ω21,2 → 0 for α→∞. On the other hand, the eigenvalues
of higher modes – in Fig. 6 (right) shown for k = 2, 3 – are positive for all values of α ≥ αmin,2 = 8 with
ω22,2 → 0 for α → αmin,2. We conclude that the kink-antikink solution has (at least) one unstable mode
and hence is linearly unstable.
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4.4 Interpretation in terms of boson stars
Complex scalar field models in curved space-time admit so-called boson star solutions. The matter
Lagrangian density for a model admitting such solutions reads 1
LBS = −(∂νΨ)∗∂νΨ− µ2ΨΨ∗ , (18)
where Ψ is a complex valued scalar field and µ denotes the mass of this field. This model is invariant
under a global U(1) symmetry of the from Ψ → exp(iα)Ψ, α ∈ R and constant, and leads to a locally
conserved Noether current
jµ = −i (Ψ∗∂µΨ−Ψ∂µΨ∗) , Dµjµ = 1√−g∂µ
(√−gjµ) = 0 . (19)
The Noether charge Q associated to this symmetry is
Q =
∫
d3x
√−g j0 = i
∫
d3x
√−g (Ψ∂tΨ∗ −Ψ∗∂tΨ) . (20)
Considering the metric given in (2) and taking the complex scalar field to be of the form Ψ(χ, t), its
energy reads
E = 4πR30
∫
dχ sin2 χ
(
∂tΨ∂tΨ
∗ +
1
R2
0
∂χΨ∂χΨ
∗ + µ2|Ψ|2
)
(21)
Then, we require the condition for a stationary energy with a constant U(1) charge Q by defining the
functional
EQ = E + Ω
(
Q− i
∫
d3x
√−g (Ψ∂tΨ∗ −Ψ∗∂tΨ)
)
, (22)
with Ω a lagrange multiplier. This can be arranged as
EQ = 4πR
3
0
∫
dχ sin2 χ (∂tΨ∂tΨ
∗ − iΩ(Ψ∂tΨ∗ −Ψ∗∂tΨ)) +
+ 4πR3
0
∫
dχ sin2 χ
(
1
R2
0
∂χΨ∂χΨ
∗ + µ2|Ψ|2
)
+ ωQ (23)
and we notice that for Ψ(χ, t) = eiΩtψ(χ) we have that ∂tΨ − iΩΨ = 0 and the first term of EQ which
can be written as ∂tΨ∂tΨ
∗ − iΩ(Ψ∂tΨ∗ − Ψ∗∂tΨ) = |∂tΨ − iΩΨ|2 − Ω2|Ψ|2, is implied and we end up
with the static functional
EQ = 4πR
3
0
∫
dχ sin2 χ
(
1
R20
(
dψ
dχ
)2
+
(
µ2 − Ω2)ψ2
)
+ ωQ. (24)
Finally, the stationarity condition is
ψ
′′
+ 2 cotχφ′ − µ2 + Ω2ψ = 0 (25)
which is formally equivalent to (11) when identifying µ2 ≡ λ (3φ2 − η2) and ω2 = R20Ω2 or, in terms of the
dimensionless field, µ2 = α(3φ2− 1). To state it differently: the perturbations about the real scalar field
1Note that we are discussing the minimal model necessary to find boson star solutions in curved space-time. It is
possible to add self-interaction terms in the potential, but not necessary for the existence of these solutions.
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solutions φ(χ) describe boson stars with mass given in terms of the solution φ. The only non-vanishing
component of the Noether current, j0, and the conserved Noether charge Q, respectively, read
j0 = 2ωψ2 , Q = 8πR3
0
ω
pi∫
0
dχ sin2 χ ψ2 . (26)
For the perturbations about the vacuum, the mass µ2 = 2α and the boson star solutions are given
by the analytically given expressions (15) and values of ω given by (16). The Noether charge of these
boson stars is given by :
Qk,0 = 4π
2R3
0
[k(k + 2) + 2α] , k = 0, 1, 2, 3, .... . (27)
In Fig. 7, we show the profiles of ψk, k = 1, 2, 3, 4 for m = 1, i.e. the linear perturbations about
the (anti)kink solution (left) as well as the Noether charge Qk,1, k = 1, 2, 3, 4 for these solutions in
dependence on α (right). The qualitative behaviour of Qk,1 in dependence on α is different for the k = 1
as compared to the k = 2, 3, 4 solutions and Q1,1 → 0 for α→ 3. In all cases, we observe that Q increases
with α. For α & 3.46, the Noether charge decreases with increasing k for a fixed value of α.
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Figure 7: We show the profiles ψk(χ) for the perturbations about the antikink solution (m = 1) for
α = 4.0 and k = 1, 2, 3, 4 (left). As we argue in the text, these solutions can be interpreted as describing
boson stars. Correspondingly, we give the Noether charge Qk,1 of these solutions in dependence on α
(right).
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5 Conclusions
We have demonstrated that the no-go theorem for real, static, stable scalar field solitons in (3+1)-
dimensions in a curved space-time background do not extend to a space-time that is spatially compact.
We have constructed (anti)kink and kink-antikink solutions in an Einstein universe background and
have shown that the (anti)kink solutions are linearly stable. Moreover, m-excited solutions do exist that
possess m nodes in the scalar field profile. The perturbations about the scalar field solutions can be
re-interpreted as boson stars, i.e. non-topological solitons with a conserved Noether charge. For the case
of perturbations about the vacuum, we hence find explicit boson stars in (3+1)-dimensions.
In this paper, we have only studied static solutions and demonstrated (see Appendix) that a full
back-reacted solution with space-time symmetries equivalent to that of the Einstein universe cannot be
static. However, one can consider the non-linear dynamics of the scalar field itself on a static space-time
background. The first possibility would then be to study the dynamical decay of the unstable solutions in
our model and get an estimate for the scalar radiation emitted in this process. Moreover, the simulation
of the scattering of the solutions in our model will be interesting in order to see how the fact that
the background is not (asymptotically) Minkowski will influence the scattering properties of the diverse
solutions. Since the model at hand is not integrable, we would expect internal modes to be excited in
the scattering. This is currently under investigation.
Finally, the study of the non-linear dynamics of the full back-reacted system would be interesting
in order to understand how the stability of the solutions is influenced by a dynamical space-time and
how and whether – next to scalar radiation – gravitational radiation would be emitted in the decay or
scattering of the solitons.
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6 Appendix: No static universe for scalar matter
Let us assume the metric to be of the FLRW type
ds2 = −dt2 +R(t)2 [dχ2 + sin2 χ (dθ2 + sin2 θdϕ2)] (28)
such that the non-vanishing components of the Einstein tensor read :
Gtt = 3
(
R˙2
R2
+
1
R2
)
, Gχχ = −
(
2R¨R + R˙2 + 1
)
, Gθθ = sin
2 χGχχ , Gϕϕ = sin
2 χ sin2 θ Gχχ ,
(29)
and the dot denotes the derivative with respect to t. Using the components of the energy-momentum
tensor of a static scalar field given in (3) and replacing R0 → R(t), the relevant components of the
Einstein equation Gµν + Λgµν = 8πGTµν are
3
(
R˙2
R2
+
1
R2
)
− Λ = 8πG
[
1
2
φ′2
R2
+ V (φ)
]
(30)
−
(
2
R¨
R
+
R˙2
R2
+
1
R2
)
+ Λ = 8πG
[
1
2
φ′2
R2
− V (φ)
]
(31)
Combining these two equations for the case of a static universe, R˙ = R¨ ≡ 0, we find that 4πGφ′2 = 1,
which implies φ(χ) ∼ χ + constant. This solution is not compatible with the periodicity condition and
hence, no static universe exists when choosing a static scalar field as the given matter source.
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